Given a convex plane domain, the billiard ball map sends the incoming ray (the trajectory of the billiard ball) to the outgoing one: the law of reflection is "the angle of incidence equals the angle of reflection".
Birkhoff 's theorem for Lorentz billiards
The classical Birkhoff theorem states that, for every n ≥ 3 and 1 ≤ k ≤ n/2, the billiard system inside a plane oval has at least two n-periodic trajectories with the rotation number k. Consider the billiard system inside an oval in the Lorentz plane with the pseudo-Euclidean metric ds 2 = dx 2 − dy 2 . Is there an analog of Birkhoff 's theorem in this set-up?
Billiard trajectories in pseudo-Euclidean space can be of three types: spacelike, time-like, and light-like, see [21] for Lorentz billiards. One would expect separate existence statements for space-like and time-like trajectories.
A convex body in R n has at least n diameters (2-periodic billiard trajectories). If the ambient space is pseudo-Euclidean, R p,q , then there are at least p space-and at least q time-like diameters [21] . A lower bound on the number of periodic billiard trajectories in multi-dimensional Euclidean space is obtained in [11] . What happens with multi-dimensional pseudo-Euclidean billiards?
Polygonal outer billiards in the hyperbolic plane
The outer billiard about a convex polygon P in the plane R 2 is a piece-wise isometry, T , of the exterior of P defined as follows: given a point x outside of P , find the support line to P through x having P on the left, and define T (x) to be the reflection of x in the support vertex. See [9, 32] . C. Culter proved that every polygon in the affine plane admits periodic outer billiard orbits, see [33] . Outer billiard can be defined on the sphere and in the hyperbolic plane. On the sphere, there exist polygons without periodic outer billiard orbits. Conjecture: every polygonal outer billiard in the hyperbolic plane has periodic orbits. These orbits may lie on the circle at infinity.
Note that an analogous question for inner polygonal billiards in the Euclidean plane is a hard problem, open even for triangles. The "world record" here belongs to R. Schwartz [26] .
Another problem is to describe polygonal outer billiard tables in the hyperbolic plane for which all orbits are periodic. For example, right-angled regular n-gons (with n ≥ 5) have this property [8] . In the affine plane, every outer billiard orbit about a lattice polygon is periodic.
Periodic orbits of multi-dimensional outer billiards
Outer billiards are defined in even-dimensional spaces as well. Let M ⊂ R 2n = C n be a smooth hypersurface. The tangent line at a point x ∈ M is defined as the line spanned by the vector J(N x ) where J is the operator of multiplication by √ −1 and N x is a normal vector to M at x. Two points, y and z, outside of M are in the outer billiard relation if they lie on a tangent line to M at point x and |yx| = |zx|. This relation is symplectic (with respect to the linear symplectic structure in R 2n ). If M is strictly convex, this correspondence is a symplectic map, see [30] .
For every p ≥ 3, this outer billiard map has p-periodic orbits [30] . One expects a much stronger lower bound for the number of periodic orbits; for p = 3, this number is no less than 2n, the dimension of the ambient space [31] . Problem: find analogous lower bounds for other values of p. See [11] for the number of periodic trajectories in multi-dimensional inner billiards.
A converse Desargues theorem
A classical Desargues theorem states the following. Consider a pencil of conics (a one-parameter family of conics sharing four points -these points may be complex or multiple, as for the family of concentric circles). The intersections of a line with these conics define an involution on , and the theorem states that this involution is a projective transformation of .
Let f (x, y) be a polynomial with a non-singular value 0. Let γ be an oval which is a component of the algebraic curve f (x, y) = 0. Assume that the curves γ ε = {f (x, y) = ε, ε > 0} foliate an outer neighborhood of γ and that, for every tangent line to γ, its intersections with the curves γ ε define a (local) projective involution on . Problem: prove that γ is an ellipse and the curves γ ε form a pencil of conics.
A particular case, in which the involutions under consideration are central symmetries of the line, is proved in [34] .
Cayley theorem for null geodesics on an ellipsoid in Minkowski space
The following Poncelet-style theorem was proved in [16] . Consider an ellipsoid
in three dimensional Minkowski space with the metric dx 2 + dy 2 − dz 2 . The induced metric on the ellipsoid degenerates along the two "tropics"
the metric is Lorentz, of signature (+, −), in the "equatorial belt" bounded by the tropics. Through every point of the equatorial belt there pass two null geodesics of the Lorentz metric, the "right" and the "left" ones. Call a chain of alternating left and right null geodesics, going from tropic to tropic, an (n, r)-chain if it closes up after n steps and making r turns around the equator. The theorem states that if there exists an (n, r)-chain of null geodesics then every chain of null geodesics is an (n, r)-chain.
Problem: find conditions on the numbers a, b, c ensuring the existence of (n, r)-chains.
For the classical Poncelet porism, such a formula is due to Cayley, see [19, 3, 10, 12] .
Origami hyperbolic paraboloid
There is a well known origami construction depicted in Figure 2 . The pleated surface looks like a hyperbolic paraboloid and is often called so in the origami literature. The problem is to explain this construction. If one assumes that paper is not stretchable and the fold lines are straight then one can prove that this construction is mathematically impossible, see [6] . The explanation offered in [6] is that there exist invisible folds along the diagonals of the elementary trapezoids in Figure 2 left. Assuming this to hold, and given a particular patterns of these diagonals (one can choose one of the two for each trapezoid), what is the shape of the piece-wise linear surface obtained by folding?
A more general question: what is the result of a similar construction for other patterns of folding lines? (see, e.g., Figure 3 ). See [14] concerning folding paper along curved lines and the books [7, 24] for mathematical paper folding. 
The unicycle problem
A mathematical model of a bicycle is an oriented unit segment AB in the plane that can move in such a way that the trajectory of the rear end A is always tangent to the segment, see [13] . Sometimes the trajectories of the rear and front points A and B coincide (say, riding along a straight line).
The following construction is due to D. Finn. Let γ(t), t ∈ [0, L] be an arc length parameterized smooth curve in the plane which coincides with all derivatives, for t = 0 and t = L, with the x-axis at points (0, 0) and (1, 0), respectively. One uses γ as a "seed" trajectory of the rear wheel of a bicycle. Then the new curve Γ = T (γ) = γ +γ is also tangent to the horizontal axis with all derivatives at its end points (1, 0) and (2, 0). One can iterate this procedure yielding a smooth infinite forward bicycle trajectory T such that the tracks of the rear and the front wheels coincide. See Figure 4 , left. It is proved in [22] that the number of intersections of each next arc of T with the x-axis is greater than that of the previous one. Likewise, the number of local maxima and minima of the height function increases with each step of the construction. And so does the number of inflection points.
Conjecture: Unless γ is a straight segment, the amplitude of the curve T is unbounded, i.e., T is not contained in any horizontal strip; T is not a grap;, and T is not embedded, that is, it starts to intersect itself.
Here is a related problem. Given an oriented oval γ, draw the unit tangent segments to γ, and let γ 1 be the locus of their endpoints. We get a map γ → γ 1 .
Conjecture: If all iterations of this map are convex curves then γ is a circle, see Figure 4 , right.
A certain justification is a linearization of this statement, which is a theorem: Let F be a periodic function, and consider the linear map F → F + F . If all iterations of F are positive then V is a positive constant.
Self-dual curves and surfaces
Projective duality is a correspondence between points of the real projective plane RP 2 and lines of the dual projective plane (RP 2 ) * ; projective duality extends to smooth and piece-wise smooth curves, taking a curve γ ⊂ RP 2 , a one-parameter family of points, to the envelope γ * ⊂ (RP 2 ) * of the respective one parameter family of dual lines. A curve γ is called projectively self-dual if there exists a projective transformation from RP 2 to (RP 2 ) * that takes γ to γ * . Likewise one defines self-dual polygons. The problem of describing projectively self-dual curves is poorly understood, it is Arnold's problem 1994-17 [2] . In [15] , a description of projectively self-dual polygons is given and some results on self-dual curves were obtained.
Problem: extend the results of [15] to projectively self-dual polyhedra, and to projectively self-dual polygons in multi-dimensional projective spaces.
A non-degenerate curve γ in RP n has the osculating hyperplane at each point; a hyperplane in RP n is a point in the dual projective space (RP n ) * , and this one-parameter family of points in (RP n ) * is the dual curve γ * . All these problems have affine analogs, in which the curves (hypersurfaces) are assumed to be star-shaped, and the projective duality is replaced by the polar duality.
New configuration theorems of projective geometry
A number of new configuration theorem of elementary projective geometry were described in [27] . Only in some cases geometric proofs are known; the rest is a "brute force" computer computation (and in one case, the computation is too large for computer). The problem is to understand what is going on and to find conceptional proofs and possible generalizations to these theorems.
In particular, the configuration theorem depicted in Figure 5 is not really a theorem, since one only has numerical evidence for it. Find a proof.
The motivation comes from the recent work on the pentagram map, a discrete completely integrable system acting on projective polygons, see, e.g., [25] .
Totally skew 3-dimensional disc in 7-dimensional space?
A submanifold M k ⊂ R n is called totally skew if, for every two distinct points x, y ∈ M , the tangent spaces at these points are in general position (i.e., their affine span has dimension 2k + 1). Clearly, a necessary condition for being Figure 5 : If the outer dodecagon is inscribed into a conic then the inner one is also inscribed into a conic totally skew is n ≥ 2k + 1. It is proved in [17] that if M k is a totally skew disc in R 2k+1 then k ∈ {1, 3, 7}. For k = 1, a simple example is given by the cubic curve (t, t 2 , t 3 ), t ∈ R. Problem: is there a totally skew 3-disc in R 7 ?
Areas and dissections into triangles
If a square is dissected into triangles of equal areas then the number of these triangles must be even. This theorem has a surprisingly difficult proof, see [28] . There are many similar results (proved along the same lines), for example, the square can be replaced by any centrally symmetric polygon [23] . An attempt to understand this result leads to the following question. Consider a partition of a square (of unspecified size) into n triangles. We allow small perturbation of triangles, so that each "free" vertex has two degrees of freedom and each vertex on a side has one degree of freedom. Denote by M the "moduli space" of partitions with the same combinatorics, i.e., obtained from a given one by small perturbations, so that no triangle degenerates. Claim: the dimension of M equals n − 1.
(Proof: the sum of all angles in sight is π times the number of triangles. A 'free' vertex with two degrees of freedom contributes 2π, and a vertex on a side, having one degree of freedom, contributes π. The four corners contribute π/2 each, and one has one degree of freedom for scaling.)
Assign to every partition in M the ordered set of areas of its triangles. This gives a map M n−1 → R n ; this map is component-wise quadratic (the area of triangle is given by a determinant). It follows that there exists a polynomial relation between the areas a 1 , . . . , a n depending only on the combinatorics of the partition.
Problem: what can be said about this polynomial relation? For example, how to find the least degree of this polynomial in terms of the combinatorics of the partition?
See [1] for the first steps in this direction. See also [20] for a description of the dissections for which this polynomial is linear.
